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Section 1:

Introduction




Flow- and Diffusion-Based Generative Modeling

o o . . 1
> Diffusion models learn reverse-time stochastic day = —5g(t)zdt + /g( dwt

Zo

dynamics from a simple reference law back to data N w
and now dominate many image, audio, and video o Forward process T — 5 .
generation tasks [SSDK*20]. 2 ...- H
> Stochastic interpolants and flow matching show §° Reverse process f:€— 1T ;
that one can also learn along prescribed - —{T
probability paths [ABVE23, LCBHT22, LGL22)]. dwtf~%g(t) [@: +[Va log pi(@o)) dt

High-Level Recipe

One would like to design a Markovian probability path leading to the data distribution

that
> originates from a simple reference law that are easy to sample from;

> has the explicit form to be simulated;
> can be learned from data via a tractable loss function.
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Variants

!

Continuous
> Image, Video, Audio

> (Continuous)
Diffusion Models

> Diffusion Process

Thymine

5 el a; Adenine
abon— ;ﬁq

Fh pnam% ",

aaaaa
/{\/f(i
Guanine OYto 5'"9‘7{;

5 end

Discrete
> Text, DNA sequence

> Discrete Diffusion
Models

> Jump Process/CTMC

Flow- and Diffusion-Based Generative Modeling

Multi-Modal &
Hard-Constrained

> Txt2Img, Scientific Data
> Specialized Models

> General Markov
Process
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(Continuous) Diffusion Models

> Forward process: Diffusion process on R¢
day = be(ae) dt + dw, To ~ po-
> True backward process: Also diffusion process on R¢
d&; = (—br_¢(&:) + Vlogpr—i(&:)) dt + dw:.

The density-dependent term is the score V logp: [And82].

> Approximate backward process: Approximate the score function ¥V log p, by a neural
network &; [SSDK*20]

d’yt = (_bet(yt) —+ ngt(yt)) dt =4 dwt, -§t ~ Vlogpt.

> Training principle: Fit the approximate backward path law to the true backward path
law in KL; this reduces to score matching [HDO5]:

T
Eao~po |:/0 EthPt\o('\wO)

2
3¢(zt) — Vlogpijo(@: | ZEO)H dt:| .
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Discrete Diffusion Models

> Forward process: Continuous-time Markov chain on a finite state space X

d
% = A+p, Ay = ()\t(y7 x))w,yex’

where A (y, ) is the jump rate from = to y [AJH+21, CBDB+22].

> True backward process: Also a continuous-time Markov chain on X

Yinuo Ren

Sr_ow2) = P9 32y,

pt(x)
The density-dependent term is now a score ratio % rather than a gradient.
> Approximate backward rates: Approximate the score ratio ;i/‘i”” by a neural network 8
2 . ~ pt\y
Ar—i(y, @) = Sc(z,y) Ae(z,y),  Se(@,y) = @)
pe(z)

> Training principle: Fit the approximate backward path law to the true backward path law in KL;
this reduces to score matching [LME23, RCRY24, RCZ+25]:

E |:/OT Z <§t(zt,y) - M logét(xt,y)> Aie(xe,y) dt:| .
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Conceptual picture

forward (noising) process

= data ; ‘- easy-to-sample
2 distribution Oipy = Lipt reference
o . H H
= given .o ‘/\ o
< samples H i : H IP)
| L L
true IT
approximatezz
generated Q
samples yr B e yo

af‘]f — ]Cfth

<

backward (denoising) process

True quantities: (x¢, pt, Tt, P) are induced by the forward generator L.
Approximate quantities: (y¢, g¢, K¢, @1, Q) define the approximate backward model.
Mismatch ratio: n: =: ¢ /p¢ links the two and is the object behind both the Doob’s h-transform
and the training loss.

7/34



Observation

Ingredient Continuous diffusion Discrete diffusion
Forward dynamics SDE / diffusion generator CTMC / jump generator
True backward depends on V log pt depends on p¢(y)/pt ()
Learned object score field score ratio field

Loss L2-loss score-entropy loss

> Is there a single framework that explains continuous diffusion and discrete diffusion?

> Can we design generative models with an arbitrary Markov process so as to enrich
the design space and tailor to the properties of the data distribution?

Related perspectives

> [BSDB™24]: From denoising diffusion to denoising Markov models

> [HHYT24]: Generator matching

> [RRY25]: A unified approach to analysis and design of denoising Markov models
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Section 2:

Mathematical Framework
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Markov Processes and Generators

Definition (Generator)

For a Markov process (x¢):cjo,r] ON a state space E, the time-dependent generator is

Lof(@) = lim B @een) | ‘”}I =a=f@ o feByE).

h—0Tt

> The forward marginals p: evolve by the Kolmogorov forward equation
8tpt = ﬁ:pt

> For suitable test functions, Dynkin’s formula gives

B[ (20)] — f(z0) = E[ / "Lof(a) ds

> Akey bilinear perturbation term is the carré-du-champ operator
which appears frequently in stochastic analysis, functional inequalities, and

nonequilibrium dynamics.
9/34



Conceptual picture (Again)

forward (noising) process

data ; : _p easy-to-sample
- distribution Oipe = Lipt reference
S : H :
& given . _‘/\> =
] samples H : t H HT IP)

true Tp xo

generated yr
samples

v w0

Ortqr = ICT(]I,

A

backward (denoising) process

Questions

> Time-Reversal: Whatﬁis the relation between the forward generator £ and its corresponding
backward generator £;?

> Parameterization: In which family should we search for the approximate backward generator £C¢?

> Gap: What is the relation between the approximate backward generator K; and its truth L7
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Generative Modeling with Markov Processes

Time-Reversal Process

Theorem (Time-reversal of the forward processes [CCGL23])

Under suitable regularity assumptions on the densities p:, the generator of the time-reversal
process (T+)ceo,r] Satisfies

Loof = Lif + i 'Ti (e, f),
where Tf (pe, f) = Li(pef) — pe L3 f — fLE pe IS the carré-du-champ operator associated

with the adjoint forward generator L5 .

> The time-reversal generator Lr_iisa perturbation to the adjoint generator L} of the
forward generator L.

> The backward dynamics are explicit once we know the intermediate density p;.
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Generative Modeling with Markov Processes

Learning the Time-Reversal

Assumption (Parametrization of the backward generator)

Yinuo Ren

We assume the approximate backward generator is parameterized by a strictly positive
function ¢+ : E — Ry through

Kr—of = L3 f +0; 'Ti(pe, f),

where T (pe, f) = Li(oef) — o LT f — fLF @4 s the carré-du-champ operator associated
with the adjoint forward generator L3 .

> In practice, ¢; or an equivalent coordinate system is parameterized by a neural
network.

> Instead of inventing a backward process from scratch, we restrict the search space via
approximating the density-dependent perturbation in the exact backward generator.

> If ¢ = pt, then K¢ exactly equals the true backward generator.

> ¢y is the primitive quantity from which both continuous scores and discrete score
ratios are derived.
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Generative Modeling with Markov Processes

Quantifying the Gap to the True Time-Reversal

Lemma (Gap between the Estimated and True Backward Generators)

The approximate backward generator and the true backward generator satisfy
Kr-of = Lo—+f +n; T3 (e, ),

where we introduced the mismatch ratio
e =: E

and TF (e, f) = Li(e f) — e LE f — fLEn is the carré-du-champ operator associated with
the adjoint forward generator Ly.

> The approximate backward generator KCr—; being a op-perturbation to the adjoint
forward generator £; = K being an n.-perturbation to the true backward generator
L.

> m = 1 means perfect recovery of the true backward process.
13/34



Conceptual picture (Once Again)

forward (noising) process

data ; : ‘- easy-to-sample

distribution Oips = Lip: reference
given .o ‘/_\ o

samples H H Time-Reversal H IP)

c
(0]
(22
o
S
c
=

generated YT
samples

Otqr = lcr(jr,

A

backward (denoising) process
> Time-Reversal: Lp_,f = Cif +pf1FZ‘(Pt,f).
> Parameterization: Kp_f = L5 f + ¢; 'T% (1, f)-
> Gap: Kr—if = Ly—of + 1y ‘T3 (e, f).

> Question: How to measure the gap between the true backward generator Z_:T,t and the
approximate backward generator K1 _; quantitatively?
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Generalized Doob’s h-transform

Theorem (Generalized Doob’s h-transform [CT15])

Given a Markov generator L, a positive function h, and a function A, define

LPNf = hi 'Le(hef) — Aef.

Then the transformed process is absolutely continuous with respect to the original path
measure, with Radon-Nikodym derivative

dphA h T _
T o = e (= [ Ot r ok ) )

where xjq, ) denotes the path of the process (z+¢)ie(o,1]-

Our identification

> The estimated backward generator KCr_¢ is the generalized Doob’s h-transform of the
true backward generator Lr_: with hs equal to the mismatch ratio ns.

> The choice \; = n[lZT—mt makes the transformed generator conservative, and thus
the approximate backward process is a path-space reweighting of the true backward
process.

A Unified Approach to Denoising Markov Models —  Yinuo Ren
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Yinuo Ren
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Change of Measure

By plugging in the time-reversal formula and Dynkin's formula for logn,, we can show
the following change-of-measure theorem.

Theorem (Change of measure)

Under suitable regularity assumptions on n, there exists a probability measure Q such that
the time-reversal process under Q is governed by ICy, and

Dy (P||Q) = Ep [/0 (e Long  + L logne) () dt} =: £[ne].

> P: path law of the forward process with generator £: and the backward process with
generator L.

> Q: reweighted path law inducing the approximate backward generator K.

> £[n]: the exact path-space discrepancy between the true and approximate backward
dynamics.
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Yinuo Ren

Conceptual picture (Last Puzzle)

5
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c
[

(@]
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forward (noising) process

data ; ; easy-to-sample
distribution Oepr = Lipe reference
given . — T .
0 7 > xr
samples H iA thme—Reversa\ { H P
true T 9:b, = Li b, Zo
approximate| Parameterization Change of Measure
- | ]
generated L 4 @
samples yr -— O OO Yo

0¢qr = }C:(h

A

backward (denoising) process
> Change of Measure: Dk, (P||Q) = [fo (mLonyt + Ly lognt)(xt)dt] .

> Question: How does this relate to the training process and generation quality of this generative
model?

17/34



Error bound

Corollary (Error bound for the Approximate Backward Process)

The generated terminal law qr satisfies

Dxv(pollgr) < Dxr(pr|lgo) + £[n:].

> Terminal mismatch Dkr.(prl|go): how well the forward process reaches the easy
reference.

> Estimation error £[n:]: how well the approximate backward process matches the true
backward process.

Main message

Minimizing the training loss is not merely fitting a heuristic score. It directly controls an
upper bound on the generative KL error.
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Generalized Score-Matching

Define the conditional ratio

z) =: 210,
77t\0(| 0) .pt|0('|x0).

Corollary (Generalized Score-Matching)

Up to constants independent of the model parameters,
argmin Dict (P|Q) = argmin £rf] = arg min Ssu[nfjo],

where

T
Lom (0] = Eagrpg [/ Eonpyo(-leo) (m|o£m{|§ + Lt 10%77t|o)(~"6t) dt} -
0

> This enables learning the approximate backward generator K from data distribution
po, forward transition kernel pjo(+|@o), and the forward generator L.

19/34



Meta-Algorithm

Needed ingredients Training
> Dataset po Sample zo ~ po and time t ~ 0.
> Easy reference qo Sample x4 ~ pyjo(- | 2o) by simulating

> Tractable conditional law pyjo the forward process.

> Simulator for £, Evaluate the integrand in £sm.

Update the parameters of ¢?.

Forward SDE (data — nonse)

.— dx = f(x, t)dt + g(t)
‘ - Inference
i g? Sample yo ~ qo = pr.

SCO funct . - . .
= o) (thgt)dw @ Simulate thegappro><|.mate backward
generator Ky from time 0 to 7.

Reverse SDE (noise — data)

Output yr ~ gr =~ po.
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Meta-Error Bound

Theorem (Meta-error bound for the Approximate Backward Process)

If the numerical simulation of the approximate backward process has one-step error
O(k*TT), then the generated law Gz satisfies

Dxw(pollgr) < Dxw(prllao) + £(nf) + Tk

> Truncation error: Dk, (prl/go) from imperfect convergence of the forward process.

> Estimation error: £(n?) from learning the wrong backward dynamics.

> Numerical error: T'x" from discretizing the backward process.

Interpretation
The framework cleanly separates model design with numerical error.

21/34



Section 3:

Examples




Revisiting the Continuous Diffusion

> State Space: E = R¢
> Forward Generator: Diffusion processes

1
Lif =bi-V[+ Dy \asi
> Backward Generator:
1
Kr_of = (—bt 1+ D.Viogp: + v.Dt) Vf+5Di:V'f

> Score Coordinates: §; = V log ¢
> Score-Matching Loss:

Lsm[Mejo] = [/ =Dy(x) : (8:(xe) — V1ogpyjo(e: | :co))®2 dt]

Recovery of the classical case

When D; = 0.1, this is exactly the standard diffusion score-matching objective up to
time reweighting [SSDK*20].
22/34



Revisiting the Discrete Diffusion
> State Space: £ =X

> Forward Generator: Jump processes on X

Lof(@) = (fy) = [(@)Ae(y, z)

yeX

> Backward Generator:

Krof (@) = S0 0) — F@)ail,2), Arily,2) = 285 (,y)

yex ei(w)

> Score Coordinates: 8:(x,y) = et (y)

> Score-Matching Loss:

Lsmneo] =E [/0 > <§t(xt,y) _ Proly | z0) log §t(xt,y)) Ae(zt, ) dt]

= Pejo(we | o)

Recovery of the classical case

This is precisely the discrete diffusion objective of [LME23, RCRY24], now seen as one
coordinate system of the same generator-level framework.
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Lévy-type models

Heavy-Tail Obstruction

General KL guarantee: Dxw(pollgr) < Dxu(prllgo) + L[ne), 1 = e/pe-

Theorem (Heavy-tail obstruction)

For affine Gaussian forward diffusions, if the data law po is heavy-tailed with E||zo||? = oo
and the reference qo is Gaussian, then for every T' > 0, we have

Dxuw(pr(|go) = oo.

Comparison of Tails: Exponential vs. Heavy-Tailed Di

» Conceptually, affine Gaussian forward dynamics do  »|
not repair a tail mismatch against a Gaussian —
terminal reference. "

Probabilty Densy (og sc

> This motivates forward processes with matching
tails and jump behavior, e.g., a-stable processes.

;;;;
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Lévy-type models

General Forward Generator

Theorem (Courrége form [Coué5, App09])

Under suitable regularity assumptions, the forward generator can be written as
1
Lof(x) = bi(x) - V(@) + 5 Di(x) : V*f(x)

+/Rd\{ }(f(y)_f(w)—(y—m).Vf(a:) lB(m,l)(y—m))At(dy7m).

> by(x) - Vf: deterministic transport of mass.

> 1Dy(z) : V? f: local Gaussian diffusion.

> The integral term: nonlocal jumps from « to y; the linear correction on B(zx, 1)
compensates the infinitely many small jumps that are indistinguishable from the local
transport.

> Technical assumption: the forward generator £, acts on smooth compactly

supported test functions [Coub5, AppQ9].
25/34
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Lévy-type models

Backward Triplet and Loss Decomposition

Estimated backward Lévy triplet  Reverse Jumps are reweighted by

X pe(y) the ratio o (y) /¢ ().

A‘p 7 - A ’ ’ . . .
o) (@) @) > The extra drift is the small-jump
D7_,(z) = Di(x), compensation term.

Bgift(:l:) = *bt(il:) + Dt(:l:)vlog Sot(il?) + VDt(.’.B) > cf. [YPKL23].

et (y)
i /B(m 1)<<pt(93) A, y) + Ay, m)) (y — =) dy.

Path-space KL loss

T
L] = E{/o %Dt(d!t) : Viogne(ze)V ! logne () dt}

diffusion term

jump term

26/34



C
9]
o4
o
3
C
=
©
O
>

Experiment 1: Geometric Brownian Motion

Setup
> Forward process:

de; = 0% dw,, with D(z;) = diag(x;)SE " diag(z:).

> Approximate backward:

dyt = (D(yt)§T7t(yt) + V- D(yt))dt + Yt ®© Edwt

> State space is the positive orthant Ri: positivity is preserved
by construction.

> Target data are mixtures of Gaussians restricted to R%.

> Approximate with the generalized diffusion score-matching
loss.

(b) 2D result

Observed behavior
Training remains stable even though the score can be singular near the boundary, and
generated samples match the target without boundary violations. See also recent

work [GRC25]. 9734



Experiment 2: Pure Jump Model

Setup

> Forward process: pure jump model with
thOanthEO.

> Domain: the torus T? = R?/Z2.

> Forward Lévy kernel: isotropic Gaussian
jump kernel.

> Initial backward law qo: approximately
uniform on the torus.

Observed behavior

Samples start from a uniform law and
progressively jump into structured target
distributions, showing that the framework
can learn meaningful backward dynamics
without any diffusion component. See also
a related example in [HHY*24].
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Section 4

Conclusion




Recap

To build a generative model from an arbitrary Markov process, we need to:

Choose a forward Markov process with generator £; that sends po toward an easy
reference qo.

The exact backward generator is determined by the time-reversal theorem and
depends on the current density p:.

Parameterize the approximate backward generator by a positive function ¢ in the
same structural form as the true backward generator.

The mismatch ratio n: = ¢+/p: induces a change-of-measure theorem connecting the
Doob’s h-transform and the path-space KL objective.

Fixed forward diffusion process

Noise

Generative reverse denoising process
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Discussion

What Next?

> Better understanding of how forward dynamics
affect trainability, efficiency, and robustness;

> Scalable inference and numerical methods
adapted to general Markov/Lévy-type processes;

> Principled selection of forward processes tailored
to constraints, topology, and distributional
characteristics;

> Further enrich the design space of generative
models beyond the current scope.
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Thank you!

Questions?
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